CONVERGENCE OF SPECTRAL DECOMPOSITIONS 
OF HILL OPERATORS WITH TRIGONOMETRIC 
POLYNOMIAL POTENTIALS 

PLAMEN DJAKOV AND BORIS MITYAGIN 

Abstract. We consider the Hill operator 

Ly = —y" + v(x)y, < x < n, 

subject to periodic or antiperiodic boundary conditions, with po- 
tentials v which are trigonometric polynomials with nonzero coef- 
ficients, of the form 

(i) ae~ 2ix + be 2lx ; 

(ii) ae~ 2lx + Be iix ; 

(iii) ae- 2lx + Ae- ilx + fee 2 " + Be 4 ". 

Then the system of eigenfunctions and (at most finitely many) 
associated functions is complete but it is not a basis in L 2 ( [0, ir], C) 
if \a\ ^ \b\ in the case (i), if \A\ ^ \B\ and neither — fe 2 /4B nor 
— a 2 / 4 A is an integer square in the case (iii), and it is never a basis 
in the case (ii) subject to periodic boundary conditions. 

Keywords: Hill operators, Riesz bases, trigonometric polynomial po- 
tentials 
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1. Introduction 

Convergence of spectral decompositions of ordinary differential oper- 
ators with various boundary conditions be is a classical area of research 
and has a long history - see the monographs [26[ |2U [111 E] ■ 

In the present paper we consider the Hill operators L = Lb c {v) with 
smooth 7r-periodic potentials v 

(1.1) Ly = -y" + v(x)y, < x < vr, 

subject to periodic (Per + ) or antiperiodic (Per~) boundary conditions: 

p er ±: y(7r) = ±y(0), ^(^ = ±^(0). 

See basics and details in [13]. 
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Of course, if v is real- valued, then L Per ±{y) is a self-adjoint operator 
with a discrete spectrum. The system of its eigenfunctions 

(1-2) $ = {<fk ■ Lip k = \ k (p k , \\ip k \\ = 1} 

is orthonormal, and the spectral decompositions 

(1-3) f = ^2(f, ( Pk) i Pk 

k 

converge (unconditionally) in L 2 ([0, 7r]) for every / G L 2 ([0, 7r]). 

If v is a complex-valued potential the picture becomes more com- 
plicated. If the boundary conditions are strictly regular then the sys- 
tem of eigenfunctions and associated functions (SEAF) is a Riesz ba- 
sis in L 2 ([0, 7r]) as it has been shown in [TOj [EE]; see more de- 
tails and history in [19, 20J. However, Per + , Per~ are regular but not 
strictly regular boundary conditions. In this case properly chosen two- 
dimensional block-decompositions do converge as it has been shown by 
A. Shkalikov [231 12H [25] (even in a more general context of ordinary 
differential operators of higher order). For certain classes of potentials, 
there have been given sufficient and necessary conditions on whether 
blocks could be split into (one-dimensional) eigenfunction decomposi- 
tions [161 [21 H51 [27]. Maybe, in 2006 A. Makin [H] and the authors [31 
Thm 71] gave first examples of such potentials that SEAF for periodic 
or antiperiodic boundary conditions is NOT a basis in L 2 ([0,7r]) even 
though all but finitely many eigenvalues are simple. The existence of 
such potentials indirectly follows from the recent results in [9] as well. 

We will extend many constructions and results of SEAF divergence 
to ID Dirac operators in an oncoming paper [6]. 

In this paper we analyze low degree trigonometric polynomials and 
show that the spectral decompositions of L Per ± diverge if we exclude 
some exceptional values of coefficients of these polynomials. 

For example, if 

v (x) = ae~ 2lx + be 2lx , a,beC\ {0}, 

the SEAF decompositions converge if and only if \a\ = \b\. 

In Section 2 we give the necessary preliminaries and prove a general 
criterion (in terms of the Fourier coefficients of the potential v , see 
Theorem 1) which says whether the SEAF is (or is not) a basis in 
L 2 ([0, 7r]). Our constructions from [1] are used in an essential way when 
analyzing SEAF related to trigonometric potentials in Sections 3-5. 
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2. Preliminary results 

It is well known that the spectra of the operators Lp er ± are dis- 
crete, and the following localization formulas hold (see, for example, 
H Prop 1]): 

(2.1) Sp(L Per ±) CU N U |J D n , #{Sp(L Per ±)nD n } = 2, 

n>N, n€r± 

where D n = n 2 + D, D = {z : \z\ < 1}, T+ = 2N, L_ = 2N - 1, 
(2.2) 

U N = {z = x + iy eC: \x\ < (N + 1/2) 2 , \y\ < N}, N = N{v). 
In either case the spectral block decompositions 

(2.3) g = S N g+ VgeL\io,n]), 

n>N, ner± 

where 
(2.4) 

S N = — / (z - L Pe;r ±y x dz, P n = — (z - L Per ±Y x dz, 

2m Jdn N 27T2 7| z -n 2 |=l 

converge unconditionally in L 2 ([0, tt]). This is true even if the ^-periodic 
potential v is singular, i.e., v G Hj^ c (M.), as A. Savchuk and A. Shkalikov 
showed [22]. An alternative proof is given in [5]. 

We are going to provide in Theorem [1] below sufficient conditions 
which guarantee for large enough n that each disc D n contains exactly 
two simple eigenvalues, and a criterion when the two-dimensional spec- 
tral blocks in (12. 3p could be split into one- dimensional spectral blocks 
so that to get an unconditional basis in L 2 ([0, tt]). 

We shall use the following notations (compare with [4J). For each 
n G N a walk x from — n to n or from n to — n is defined through its 
sequence of steps 

(2.5) x = {x{t))t+l, l<v= v{x) < oo, 
where, respectively, 

u+l u+l 

(2.6) ^x{t) = 2n or ^x{t) = -2n. 
t=i t=i 

A walk x is called admissible if its vertices j(t) = j(t, x) given, respec- 
tively, by 

(2.7) j(0) = -n or j(0) = +n 
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and 

t t 

(2.8) j(t) = -n + ^x(z) or j(t) = n + ^z(z), l<t<z/ + l, 

satisfy 

(2.9) j(t) ^ ±n for 1 < i < za 

Let X n and Y n be, respectively, the set of all admissible walks from 
— n to n and the set of all admissible walks from n to — n. For each 
walk x G X n or i 6 7 n we set 

where K(m), m 6 2Z are the Fourier coefficients of the potential t> (a;) 
with respect to the system e* mx , m G 2Z. We set also 

(2.11) B+(n,z) = ^ h(x,z), B~(n, z) = ^ h(x, z). 

Theorem 1. Suppose v G L 2 ([0,7r]). // 

(2.12) B + (n, 0) ^ 0, B~(n, 0)^0 
and 

(2.13) 3c>0: c~ 1 | J B ± (ri, 0)| < |.B ± (ri, ^)| < c | J B ± (-n,, 0) | V z E D 

for all sufficiently large even n (ifbc = Per + ) or odd n (ifbc = Per~ ), 
then 

(a) there is N = N(v) such that for n > N the operator L Per ±(v) 
has exactly two simple periodic (for even n) or antiperiodic (for odd n ) 
eigenvalues in the disc D n = n 2 + D; 

(b) a system of normalized eigenfunctions and associated functions 
of L Per ±{v) is a Riesz basis in L 2 ([0,7r]) if and only if 

(2.14) < a := inf ^"^ °|| and (5 := sup IfT^' ?! < oo, 
1 ; n>N\B+{n,0)\ y n> %\B+{n,0)\ 

where we take inf and sup over even n if be = Per + and over odd n if 
be = Per~. 

Remarks. 1) Notice, that by (a) the SEAF of L Per ±(v) has at most 
finitely many associated functions. 

2) To avoid any confusion, let us emphasize that in Theorem [1] are 
stacked together two independent theorems: one for the case of periodic 
boundary conditions Per + (where we consider only even n), and an- 
other one for the case of antiperiodic boundary conditions Per~ (where 
we consider only odd n). 
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Proof. By the spectra localization formulas ( 12. lft the operator Lp er ± (w) 
has, for each n > N, two periodic (for even n) or antiperiodic (for odd 
n) eigenvalues in the disc n 2 +D (counted with multiplicity). Moreover, 
by [3] (see Lemma 21 and Section 2.2, in particular, formula (2.23) and 
the three lines which follow), the number A = n 2 + z, z G D, is an 
eigenvalue of L Per ±(v) if and only if z satisfies the basic equation 



where a(n, z; v), B ± (n, z; v) are analytic functions of z and v defined for 
\Rez\ < n. Next we show that for large enough n the equation (12.151) 
has exactly two roots in D if counted with multiplicity. 
In view of [31 Prop 28] we have 

c c 

(2.16) \a(n,z,v)\ < -, [B^n, z; v) - V(±2n)| < — if zeD, 

n n 

where C = C(\\v\\) and V(±2n) are the ±2n-th Fourier coefficients of 
the potential v. 

Consider the family of potentials w t = t-v, t G [0, 1]. Since V(±2n) — > 
as n — > oo, the inequalities (I2.16P imply 

(2.17) sup \a(n,z,tv)\—>0, sup |-B ± (n, z; tv )| — > as n — » oo 



uniformly for t G [0,1]. 
Consider the function 

F n (z,t) = (z - a(n,z;tv)) 2 - B + (n, z;tv)B~(n, z,tv), t G [0,1]. 

In view of (I2.17p . for large enough n, the function F n (z,t) does not 
vanish on the unit circle dD. Therefore, the number of zeroes of the 
equation (I2.15P considered with w — tv is given by 



Since the function Af(t), t G [0,1], is continuous and takes integer 
values, it is a constant, so we have 7V(1) = A/"(0). On the other hand, 
for zero potential the basic equation is reduced to z 2 = 0, i.e., A/"(0) = 2. 
Thus, for sufficiently large n, say n> N\ the equation ( 12. 15ft has exactly 
two roots in D, counted with multiplicities. 

So, we have proved for n > N\ that A = n 2 + z, z G D, is a periodic 
or antiperiodic value of algebraic multiplicity 2 if and only if z is a 
double root of (12.151) . Thus, the number A = n 2 + z, z G D, is a 
periodic or antiperiodic value of algebraic multiplicity 2 if and only if 



(2.15) 



(z — a(n, z;v)) 2 = B + (n, z;v)B (n,z,v), zED 



z\\<\ 
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z satisfies the system of the equation (12.151) and 

(2.18) 2(z - a(n, z)) ^1 - |U(n, z)j = ^ (B + (n, z)B-(n, z)) . 

Therefore, Part (a) of the theorem will be proved if we show that there 
are at most finitely many n such that the system (I2.15p . (12.181) has a 
solution z G D. 

If z(n) G D is a root of fl2TT5|) . then by fl2~T7D 

(2.19) \z(n)\ < \a(n, z(n))\ + \B + (n, z(n))B-(n, z(n))\ 1/2 -> 0. 
Therefore, there is N\ = N\(v) > N\ such that 

(2.20) \z(n)\< 1/2, n>N 1 . 

Suppose that n > N\ and z* n G D satisfies the system (12.151) . (I2.18p . 
By the Cauchy inequality for the first derivative, the first inequality in 
(I2.16P implies 



(2.21) 

while (12TT5D and <^Mj yield 



Tz a(n,z n/ 



(2.22) 



d_ 

dz 



B + (n,z:)B-(n,z:: 



< 2C/n, 



< 2 sup \B + (n, z)B (n,z) 

\z\<l 



< 2c 2 \B + (n,0)B-(n,0)\ < 2c 4 \B + (n, z*)B~(n, z*\. 

By (12.151) . we have \z* - a(n, z*| = \B + (n, z*)B~(n, z* n )\ l/2 . Therefore, 
by flZZHD and (12T22D . the equation (12TT81) implies 

2\B + {n, z* n )B-{n, 4)| 1/2 (1 - 2C/n) < 2c 4 \B + (n, z* n )B-{n, z* n )\ , 

so it follows that 

l-2C/n<c 4 \B + (n,z:)B-(n,z:)\ 1/2 . 

By (I2.16p . the right-hand side of the latter inequality tends to zero, so 
that inequality fails for large enough n. Hence, increasing if necessary 
N 2) we obtain for n > N 2 that the operator L Per ±{v) has no double 
periodic or antiperiodic eigenvalues, i.e., (a) holds. 



Next we prove part (b) of the theorem. In view of (12. 12[) — (12. 14j) . 
for large enough n the analytic functions B + (n, z) and B~(n,z) do 
not vanish if z G D. Therefore, there are appropriate branches of log ,2 
(which depend on n and the choice of ±) defined on a neighborhood of 
B ± (n,D). We set 

Log* (S ± (n,2:))=log|S ± (n,2 ; )|+z>±(^; 
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B ± (n,z) = \B ± (n,z)\e itp ^ {z) VzeD, n>N 2 {v) 



then 
(2.23) 

and the square root a/ B + (n, z)B~(n, z) is well defined by 

;[<pi( z )+'Pn(z)] 



(n,z)\ l / 2 e^ 



(2.24) ^B+in, z)B-(n, z) = \B + (n, z)B~ 

Let us mention that the functions ip^ are uniformly Lipschitz on ^D; 
more precisely 



(2.25) 



\^{z t ) - Pn( z 2)\ < 2c 2 \z 1 - z 2 \ for z 1 ,z 2 e-D. 



Indeed, from (12.131) and the Cauchy inequality for the first derivative 
it follows, for \z\ < 1/2, that 



< 



n, 



^Log± {B±(n,z)) 



2 sup ^(n,*)! < 



1 



l*l<i 



B±(n,z) 
c 

\B±(n,0)\ 



az 



2c|S ± (n,0)| = 2c 2 . 



Now the basic equation (12.151) splits into the following two equations 

(2.26) z = C{z) := a(n, z) + y/B+(n, z)B-(n, z), 

(2.27) : 



Cn («) := a ( n ' z ) ~ \ / B + (n,z)B (n,z). 



For large enough n, each of the equations (12.261) and (12.271) has exactly 
one root in the disc D. Indeed, in view of (I2.16p . the Cauchy inequality 
for the first derivative implies 



sup [g^/g^I 

\z\<1/2 



as 



n 



oo. 



Therefore, for large enough n each of the functions is a contraction 
on the disc ^D, which implies that each of the equations (I2.26P and 
(I2.27P has at most one root in the disc |-D. 

On the other hand, by Part (a) and (I2.20p . for large enough n the 
basic equation has two simple roots in ~Z) and no root on D \ ^D, 
which implies that each of the equations fl 2 . 2 6 [) and (12.271) has exactly 
one root in the disc \D and no root on D \ ^D. 

For large enough n, let zi{n) (respectively Z2(n)) be the only root 
of the equation (I2.26P (respectively (12.271) ) in the unit disc D. Let 
f = f(n) and g = g(n) be corresponding unit eigenvectors of the 
operator L = L Per ±, i.e., ||/(^)|| = ||<?(^)|| = 1 and 



Lf(n) = (n 2 + zi(n))f(n), Lg(n) = {n 2 + z 2 (n))g(n). 
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Let P n be the Riesz projections defined by (12.41) . and let P° be the 
Riesz projections associated with the free operator. We have (e.g., see 
Proposition 11 in [3]) 

(2.28) dimP n = dimP° = 2, \\P n - P°|| < C/n. 

Each of the projections P n , n > N, could be written as a sum of 
one-dimensional projections on the subspaces generated by f(n) and 
g(n) so that 

P = P 1 + P 2 P 1 P 2 = P 2 P 1 = 
An elementary calculation shows that 

ll^ll = ira = (l-|</(n)^(n)>l| 2 )- l/a - 

Therefore, the system of normalized eigenf unctions and associated func- 
tions will be a Riesz basis if and only if 

(2.29) hmsup|(/(n)^(n))|<l. 
We set 

f°(n) = P n °/(n), g°(n) = P" n g{n). 
From fl2T28|) it follows 

\\f(n)-f°(n)\\ = ||(P n -P n )/(n)|| < ||P„ - P n °|| < C/n 

and \\g(n)-g°(n)\\ < C/n, \(f(n)-f°(n),g(n)-g°(n))\ < C/n 2 . Since 
ll/(")ll 2 = ||/ W|| 2 +||/(n)-/ H|| 2 and (f(n),g(n)) = </°(n),<7°(n))+ 
(f(n) - f°(n),g(n) - g°(n)), we get 
(2.30) 

\\f°(n)\\, \\g°(n)\\^l, limsup \(f(n), g(n))\ = limsup \(f°(n), g°(n))\. 

n— >oo n— >oo 

Then, by [31 Lemma 21] (see formula (2.4)), f°(n) is an eigenvector 
of the matrix (^^ ,Zl \ ^ \ n i z V j correS p 0nc li n g to its eigenvalue 
z x = z x {n), i.e., 



a(n,z 1 )-z 1 P + (n,2i) \ , . = Q 
B~(n,zi) a(n,Zi) — ZiJ 

Therefore, /°(ri) is proportional to the vector ^1, j . Taking 

into account (12T23D . (EES) and (12T26D we obtain 
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In an analogous way, from (12.231) . ( 12. 24ft and ( 12.271) it follows 

\\9°(n)\\ 



(2.32) g°(n) 



1 + 



B-(n,z 2 ) 
B+(n,z 2 ) 



B~(n,z 2 ) 



B+(n,z 2 ) 



1/2 



Now, (12T3H and (12321 imply 



(f(n),g (n)} = \\f (n)\\\\g°(n)\\ 



B-jn^) 
B+(n,zi) 



B~{n,z 2 ) 



B+(n,z 2 ) 



B-(n,Z!) 
B+{n, Zl ) 



1 + 



B-(n,z 2 ) 
B+(n,z 2 ) 



where 



1 



= 77 (b n (*i(n)) - <^+(zi(n))] - [y?„ (Z2(n)) - ^+(z 2 (n))]). 



In view of ( 12.191) we have Z\(n) — > and zi{ri) — > as n — > oo, so by 
( 12T25D it follows 

(2.33) ^> n — > as n — > oo. 

We have 

|(/ (n), 5 °(n))r = ll/V)lllbV)l|-nn, 

where 



1 + 



■B-(n.zi) 
S+(n,zi) 



B-(n,z 2 ) 
B+(n,z 2 ) 



B-(n,zi) 
_B+(n,2i) 



B-(n,z 2 ) 
B+(n,z 2 ) 



COS ?/V, 



B-(n,2i) 
B+(n,zi) 



1 + 



B-(n,z 2 ) 
B+{n,z 2 ) 



If (12.141) fails, then there is a subsequence — > oo such that 



S-(n fc ,0) 



5+K,o) 



or 



S-(n fc ,0) 



5+(n fc ,0) 



oo, 



which implies, in view of (12.131) . LT nfe — > 1. Therefore, by (I2.30p . 

\imsnp\{f(n),g(n))\ = 1, 

n^oo 

i.e., ( 12.291) fails, so the system of normalized eigenfunctions and asso- 
ciated functions is not a (Riesz) basis. 

Suppose (12.141) holds. From (I2.33j) it follows costp n > for large 
enough n, so taking into account that ||/°(^)||, ||<7°(^)|| < 1, we obtain 



K/V)^°H)| 2 <n n < 



1 + 


B (n,z\) 
B+(n,zi) 




£-(n, 22) 
B+(n,2 2 ) 




(1+ 


B-{n,z 1 ) 
B+(n,2i) 


) 




B-(n,z 2 ) 
B+(n,z 2 ) 


) 



< 5 < 1, 
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where 

x ( l + xy a 2 

[ (1 + + J/J C 2 

Now f)2.30p implies that (12.291) holds, hence the system of normalized 
eigenf unctions and associated functions is a (Riesz) basis in L 2 ([0,7r]). 
The proof is complete. □ 

In the next sections we consider the following three families of trigono- 
metric polynomial potentials 

(2.34) v(x) = ae~ 2ix + be 2ix , 

(2.35) v(x) = ae~ 2ix + Be 4ix , 

(2.36) v(x) = ae~ 2ix + Ae~ 4ix + be 2ix + Be 2ix 

and give conditions when the SEAF is a basis, in terms of the coeffi- 
cients of these polynomials (see, respectively, Sections 3-5). 

In all cases we consider in Sections 3-5 a special role is played by 
forward and backward walks. We say that x is a forward (respectively, 
backward) walk if all steps are positive, x(t) > (respectively, negative, 
x(t) < 0). Let and Y~ be, respectively, the set of all admissible 
forward walks and the set of all admissible backward walks. 

Lemma 2. If £ 6 or £ G Y~, then for large enough n and \z\ < 1 

(2.37) z) = h(t, 0)(1 + r n ), \r n \ < 41o § n 
Proof. By fl2~T0l) . 

h(t,z) , rr n 2 -j{t) 2 i 



n 



n 



e -w n 



Kt,0) i\n 2 -j(t)* + z 

where w n = J2t=i lo S ( x + n^jw) " Since ^ G X « or ^ G a11 
vertices j(t) = j(t,£) are distinct, — n < j(t) < n for 1 < t < v. 
Therefore, by the inequality | log(l + C)l < J2T=i K\ k < 2 KI for |C| < 
1/2, for large enough n it follows 



Ki<y M <y - = 1 -y 1 -< 2 J^< 1 -. 

i tt, 2 — j(t) 2 n 2 — ( — n + 2k) 2 n^k~ n ~2 

t=i JW k=i K ' k=i 

On the other hand, if \w\ < 1/2 then \e~ w — 1| < \ w \ k — 2\w\, 

which implies (I2.37p . □ 
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3. Potential v = ae~ 2ix + be 2ix 

We follow the notations and definitions of walks, steps, vertices and 
functions h^B^ given in (I2.5I) - (I2.11I) . The Fourier coefficients of the 
potential v = ae~ 2lx + be 2lx are 

(3.1) V(-2) = a, V(2)=b, V{m) = for m ^ ±2. 

Let us focus on B + (n, z). We say that a walk x is v- admissible, if x 
is admissible and its steps are equal to ±2. If x has p steps equal to 2 
and q steps equal to —2, then 

(3.2) 2p — 2q = 2n, so p = n + q, 
and 

(3.3) p + g = i/ + l. 
We set 

(3.4) X n (q) = {t>-admissible x G X n with q steps = —2}. 

Notice, that every f-admissible walk from — n to n has vertices only 
between — n and n, and we have x(l) = x(2) = 2. If 

(3.5) i = mm{t : x{t) ■ x{t + 1) < 0}, 
then 

(3.6) x(t) = 2 if 1 < t < i, x(i + l) = -2. 

We perform a "surgery" on x by removing the steps x(i) and x(i + 1) 
and constructing a walk £ e M + (g — 1) such that 

(3.7) ^0 = ^-2, i/ = i/(x), 
and 

(3.8) m 

Then 

(3.9) j(*»0 
Now we have 

(3-10) h(^) = T - 2 n^))V-(^ + l)) 

( n — j (z, x) z + + j(z + 1, x) z + 

With c = |a6| the identity (I3.10p implies for \z\ < 1 
(3.11) \JxeX n {q) 3(GI„(?-1): < ^\h(£,z)\. 




for 1 < t < i - 1 
for i < t < v — 1. 



j(t,x) for 1 < t < i - 1 
j(t + 2,x) for z < t < v - 2. 
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Repeating the same procedure q times we come to the inequality 

(3.12) \h(x,z)\<^y\h(C,z)\, 3CeX n (0), \z\<l. 

But X n (0) has only one element, and its only walk £* has its steps, n 
of them, equal to 2, so 

(3.13) j(t,C) = -n + 2t, 0<t<n. 

We evaluate h(£*,0) and estimate /i(£*,z) below. 
Let us notice that by f[3T2l- fET4j) 

(3.14) #X„( 5 ) <( p + 9 ) = ( n + 2 l) < f 2 " if *>" 



q J \ q J J ^(3n) 9 ifg<n. 

Therefore, 

(3.15) £ \H*>*)\<°iW'\HC,*)\, 

g>i xeX n (q) 

where 

*(»> = E (" * 2 ") (£)' = E + E ^ E j (^)' + E (5 

g>l \ * / g=l n +l 1 y v 7 n V 

<^»+f2£) B _4— = 0(l/n). 
Thus, for \z\ < 1 we obtain 

(316) 5 + (n,*) = /i(a;^)=/ l (r,«)(l + 0(l/n)). 

g>l xGX„(g) 

By Lemma El we have h(£*,z) = h(£*,0)(l + 0(logn/n)), which 
leads to the following. 

Lemma 3. 

(3.17) B + (n,z) = /i(£*,0)(l + O(logn/ra)), \z\ < 1. 

The structure (13.131) of £* makes possible to evaluate h(£*, 0) explic- 
itly. 

Lemma 4. 

(3.18) fc(r,0) = 4(6/4) B [(n-l)!]- 2 . 
Proo/. Indeed, by (12TT0|) . flSTT]) and (ETT5I) . it follows that 

re— 1 /n— 1 

0) = 6" JJ[n 2 - (-n + 2/;) 2 ]- 1 = 6" IJJ 2t(2n - 2t) 
i=l Vt=l 



TRIGONOMETRIC POLYNOMIAL POTENTIALS 



13 



'n-1 



-2 



= b n 4~ n+1 I J[ tj = 4(6/4) n [(n - 1)!]~ 2 . 

□ 

Lemmas [3] and H] imply the following. 
Proposition 5. 

(3.19) B + (n,z) =4(6/4) n [(n-l)!]- 2 (l + 0(logn/n)), \z\ < 1. 

To evaluate B~(ri) we need to change forward walks to backward 
walks, 6 to a, etc., which leads to the following 

Proposition 6. 

(3.20) B-(n,z) =4(a/4) n [(n-l)\]- 2 (l + 0(\ogn/n)), \z\<l. 

The formulas (I3TT91 and fl3T20|) yield ([2~T2]) and (12331) . so Part (a) of 
Theorem [1] implies that all but finitely many of the eigenvalues of the 
operators Lp er ± are simple. Moreover, the following holds. 

Theorem 7. Let {tfk} be a system of eigenf unctions and associated 
functions of the operator 

(3.21) - d 2 /dx 2 + ae~ 2ix + be 2ix , a, b ± 0, 

subject to periodic (Per + ) or antiperiodic (Per~) boundary conditions. 
Then the spectral decomposition 

(3.22) / = X>*Cf)^ 

converges (unconditionally) in L 2 ([0,7r]) for each f e L 2 ([0,7r]) if and 
only if 

(3.23) \a\ = \b\. 

Proof. If be = Per + we use the formulas (I3.19P and f 1 3 . 2 j) for even n, 
while for antiperiodic boundary conditions be = Per~ we use the same 
formulas with odd n. By Propositions [5] and [6l 

B~(n,z) a n ( ^ /logn 
(3-24) —LL-L = - l + O 1 



B+(n,z) b n \ \ n 

If \a\ = \b\ ^ 0, then ( 12. 14ft holds, so by Theorem [1] the system {(pt} is 
an unconditional basis in L 2 ([0,7r]). 

If \a\ 7^ |6|, then (12.141) fails, so Theorem [1] implies that the system 
{<Pk} is n °t a basis in £ 2 ([0, ir]). □ 

For Examples f!2.35|) and (12.361) we use the same general scheme but 
technical details in estimations of B ± (n, z) become more complicated 
and interesting. 



14 



PLAMEN DJAKOV AND BORIS MITYAGIN 



4. Potential v = ae~ 2tx + f?e . 

In this case 

(4.1) V(-2) = a, V(A)=B ] V(j) = for j ± -2,4. 

There is no symmetry in the structure of f-admissible forward and 
backward walks (i.e., one cannot transform a forward part into a back- 
ward one or vice versa by replacing positive steps with the same size 
negative steps). Therefore, we need to evaluate B~(n) and B + (n) sep- 
arately. 

Now we consider only periodic boundary conditions Per + , so n is 
even (see in Section 6 comments about the case be = Per~). 

1. First we estimate B~(n,z), n = 2m. We consider v -admissible 
walks x from n to — n; then 

u+l 

(4.2) x(t) = -2 or 4, l<t<v + l, ^z(t) = -2n, 

i 

where v = v(x). If p is the number of steps equal to 4 and q is the 
number of steps equal to -2, then we have 

(4.3) — 2q + Ap = —2n = —4m, so q — 2p = n = 2m. 
Then q should be even, say q = 2r, and we have 

(4.4) r = p + m, p + q — v + 1. 

If p = then we have q = n, and there is only one walk from n 
to — n with n steps equal to —2. We want to compare, for any walk x, 
h(x, z) with h(£*, z). To this end we do a surgery of x by removing at 
once a triple of consecutive steps —2, —2, +4 and get a walk a; with p — 1 
steps equal to 4 and g — 2 steps equal to —2. After that we estimate 
the ratio \h(x, z)\/\h(x, z)\, and proceed further with another surgery, 
and so on. 

Let us denote by Y n (p) the set of all v -admissible walks from n to 
— n having p steps equal to 4. Suppose x e Y n (p), n > 5. Then x has 
a triple of consecutive steps —2, —2,4. Indeed, one can easily see that 

x(l) = x{2) = x(3) = -2, 

because otherwise n would be an intermediate vertex with necessity, 
which is not possible for admissible walks by f)2.9p . Set 



(4.5) 



% = min{t : x(t + 1) = 4} 
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and define x G Y n (p — 1) as 

x(t) = -2, 1 < t < i - 2 



(4.6) x(t) 
Then 



x(t + 3), z-l<t<i/-2. 



< 1, 



Ui-i{n 2 -j{t,x) 2 + z) 

so with c = \a 2 B\ it follows 
(4.7) 

Vx6r n (p) 3SGF n (p-l): \h(x,z)\<-^\h(x,z)\, \z\ < 1. 
Repeating the same procedure p times we obtain the inequality 

(4.8) 1^x^)1 < \h(£*,z)\ VxeY n (p), \z\ 

where is the only walk of Y n (0). We have 

(4.9) ]{t,C)=n-2t, 0<t<n. 
Let us notice that by (14.31) 

(4,o, ftH<f; ! )=f; h ). 

Therefore, by (USD and (14TTUD it follows that 

(4.11) E W*;*)l<*2(n). 

p>i xey„(p) 

where 



(4,2) ^=1: (*;*") (^'=od/^ 

Indeed, since 



3p + 2m\ f 2 5p if p > m, 

p / _ \^[(5 m ) p if p < m, 
we have 

m oo °°l/5c\ p °° / 4c V 

<*(*)<£+ E ^Epi^J + E J 

p=l p=m+l p=l x y p=m+l x ' 

^ 5c j~ /4c\ m+1 1 ^ . 2 , 
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Now we obtain, for \z\ < 1 



(4.13) B-(n,z) = h&,z)+Y, E h(x;z) = h(t*,z)(l+0(l/n 2 )). 



p>l x£Y n (p) 

By Lemma El h(£*,z) = h(£*, 0)(1 + O (log n/n)), which leads to the 
following. 

Lemma 8. 



(4.16) B-(n,z) = 4(a/4) n [(ra - 1)!]~ 2 (1 + 0(logn/n)) , |z| < 1. 



2. To estimate B + (n, z) we need to consider f-admissible walks from 
— n to n. Let X n (g) be the set of all such walks that have q steps equal 
to -2. Notice, that X n (q) = if q is odd because (compare with (14. 2p ) 
— 2q + 4p = 2n = 4m so q + 2m = 2p. 

For even g, say g = 2r, every x G X n (q) has p = (2n + 2g)/4 = m + r 
steps of length 4. The number of elements of X n (q) could be estimated 
as 



Va; e X n (g) 35 e X n (g - 2) : z)\ < {c/nf 2 ■ \h(x, z)\, \z\ < 1, 



where the constant c > depends on a and B. 

Proof. Fix x G X„(g); then one of the following two cases holds. 

Case 1. There are three consecutive steps x(ix),x(i\ + l),x{ii + 2) 
with zero sum, i.e., x(i\) + x{i\ + 1) + x(i\ + 2) = 0; 

Case 2. There is no triple of consecutive steps with zero sum, i.e., 
two steps equal to —2 and one step equal to +4 (any order). 

In Case 1 we set 



(4.14) B~(n,z) = /i(&,0)(l + (log n/n)), \z\<l. 
By ( 14. 9p . we evaluate /i(£*,0) (compare with Lemma HJ). 



Lemma 9. 




(4.17) 





(4.19) 
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Then each vertex of x is a vertex of x but x has in addition the vertices 
j{hi x ),j(h + 1)^)) j(h + 2,x). Therefore, it follows that 

(4.20) ^.i-^ff^yyv 2 ''^'). 

ilia [™ -j(^) 2 + ^ 

so 

(4.21) l/ifo*)] < 1^1- \h(x,z)\ if |z|<l. 

rr 

In Case 2, set 

(4.22) i! = min{t : x{t) = -2}, i 2 = min{t > i x : x(i) = -2} 
and 

{x(t) =4, 1 < t < i x - 1, 

x(t + 2) = 4, ii < t < i 2 — 3, 
x(t + 3), « 2 — 2<t<^ — 2. 

Notice that % 2 — i\ > 3 (otherwise we are in Case 1). Moreover, from 
<K22lf and (Q31) it follows that 

fj(t,«) 1 < t < ii - 1, 

= < j(* + 2 >^) + 2 ?i<i<^2-3 
[j(t + 2,x) % 2 -2<t<v-2. 

Therefore, ^jf^jy = -P±(z) • -^(-z), where 

Pl{z) = ^ 

[n 2 — x) 2 + z][n 2 — + 1, x) 2 + z] [n 2 — j(i 2 — 1, x) 2 + 0] 

and 

i2 " 3 n 2 - (-71 + 4t) 2 + z 



p 2 (z) = n 



1 n 2 - (-n + 4t - 2) 2 + 2 

t=ii 

Obviously, we have |-Pi(^)| < a 2 B/n 3 . On the other hand, 

*M*) < P 2 (0)(1 + 41ogn/n) = 2y/n{l + 41ogn/n) 

by Lemma [2] and Lemma [12] below. Thus, Lemma [11] holds with c = 
2\a 2 B\. □ 

Lemma 12. 

( 4 -24) fl 2 ri2 7 ( ~!t 4t) 9^ ^ 2 ^ l<^<i<^/2. 

7r — (— n + 4s — 2r 
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Proof. Since 



n 2 -(-n + 4t) 2 4f(2n-4t) 2t 



n 2 - (-n + At-2) 2 (4t - 2)(2n - 4t + 2) ~ 2t - 1 

the product in (Oil does not exceed [Ji Jir Since 2t/(2t - 1 
- 1) for t > 1, we obtain 



< 



□ 



Now let us find the asymptotics of B + (n, z). If we iterate (14.181) r 
times then it follows 

(4.25) \h(x,z)\<(2c/n) 5r / 2 -\h(C,z)\ Vx 6 X n (q), \z\<l, 
where £* is the only walk in X n (0); all its steps are equal to 4, so 

(4.26) j(t,C) = -n + 4:t, 0<t<m. 
By (14471) and (14481) . 

(4.27) £ £ |/i(s,z)| <a s (n).|/i(r,*)l, 

r>l x£X n (2r) 

where 

r=l x ' r=l r>m 

- ( n 5/2 J + 2 (~J 

r=l v 7 v 7 r=m+l 

o r 5/2 / i fi 5/2 \ 

< ^ eM^ 2 /M + o (^) = 0(1/ V^)- 

Therefore, since \B + (n, z) — h(£*,z)\ does not exceed the left-hand 
side of (I4.27p . we obtain, in view of Lemma [2], the following. 

Lemma 13. 

(4.28) B + (n,z) = h(C,0)(l + O(l/Vn)), \z\ < 1. 
Next we evaluate h(£*,0). 

Lemma 14. 

(4.29) h{C, 0) = 16(5/16) m ((m - l)!)" 2 . 
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Proof. By (OBI) . 

h(C,0) = B m -P-\ 

where 

m— 1 m— 1 

P = JJ [n 2 - (-n + 4t) 2 ] = J| 4t(4m - At) = 16 m -\(m - l)!) 2 . 
i i 

This proves (14291) . □ 
Lemmas [12] and imply the following (compare with Proposition fTUl) . 
Proposition 15. For even n = 2m 

(4.30) B+(n, z) = 16(5/16) m ((m - 1)!)" 2 (1 + 0(1/ y/n)). 
11. Now we apply Theorem [1] and obtain the following. 

Theorem 16. (a) If 

(4.31) v = ae~ 2ix + Be 4ix , a,B^0, 

then all but finitely many of the eigenvalues of the operator Lp er ± are 
simple. 

(b) If (ipk) is a system of eigenfunctions and associated functions of 
the operator Lp er +(v), then this system is complete in L 2 ([0,7r]) but it 
is not a basis in L 2 ([0,7r]). 

Proof. In view of (14361) and (OD|) . the conditions (12TT2D and (12TT3D in 
Theorem [1] hold for even n. Therefore, by Part (a) of Theorem [TJ the 
operator Lp er + has at most finitely many multiple eigenvalues. 

Let [ipk] be a system of normalized eigenfunctions and associated 
functions of the operator L Per +. By (I4.16P and (14.301) . 

B-(n,0) 
lim n J - = 0, 

n even B + (n, 0) 

so the condition (12.141) fails. Thus, by Part (b) of Theorem [H the 
system {ipk} is not a basis in L 2 ([0,7r]). This completes the proof. 

□ 

5. Potential v = ae~ 2ix + be 2ix + Ae~ iix + Be Aix 

Now we analyze trigonometric polynomials with four nonzero coeffi- 
cients of the form 

(5.1) v = ae~ 2ix + be 2ix + Ae~ iix + Be Aix . 
Since the set 

(5.2) {k : V(fc)^0} = {-2,-4,2,4} 
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is symmetric, it is enough to find the asymptotics of B + (n, z) in terms 
of the coefficients a, b, A, B. Then we may obtain the asymptotics of 
B~(n) just by exchanging the roles of a, A and b, B. 

In our paper [4], we found the asymptotic behavior of the spectral 
gaps of one-dimensional Schrodinger operator with a two term potential 
v = acos2x + 6cos4x, where a and b are real and nonzero. There, 
an essential part of the analysis is related to the asymptotic behavior 
of the sums XLex M x ' z )i so the techniques or even explicitly stated 
results from [U Section 5] give us tools to obtain asymptotics for B + (n). 

Let X n be the set of all walks x from — n to n that are w-admissible, 
i.e., x(t) E {-2, -4,2,4}, (EH} hold, and we have 



(5.3) 5>(t) = 2n, 



and let be the set of all f-admissible forward walks from — n to n. 

In the case analyzed in Sections 3 (i.e., when v = ae~ 2lx + be 2tx ) there 
was only one forward walk. But now we have many such walks; more 
precisely, if A(n) is the number of solutions of (15.31) with x(t) =2 or 4, 
then A(l) = 1, A(2) = 2 and A(n + 1) = A(n) + A(n - 1), so 



(5.4) #X+ = A(n) 




ra+l / ^\ n+l 




(Fibonacci numbers, see [H Sect. 4.1]). 
2. For convenience, we change the parameters in (15. ip by setting 

(5.5) A = -a 2 , a = -2ra, B = -(3 2 , b = -2a(3. 

In these notations the following statement (which is proven in [3]) holds. 

Lemma 17. For even n 

ra/2 

< 5 - 6 > E^.oi^tS^IIi- 2 -^- 1 ) 2 ]. 



and for odd n 



i=l 



(ra-l)/2 



(5.7) £ hKl0 ) = -J^L ff IT ["'-(*)'■ 



i=l 
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Product representations of cost and smt show that (15.61) and (15.71) 
could be rewritten as 

( 5 - 8 ) E W> °) = <T-Zv cos (?) (1 + 0{l,n)) 

for even n, and 
for odd n. 

By Lemma (2J for every £ £ X+ we have 

(5.10) - /*(£, 0)| 1^,0)1, |z|<l. 

n 

These inequalities enable us to consider z = instead of z in our 
analysis of B + (n, z). 

3. Now we are dealing with the difficulties brought by the huge size 
of X+ (see (J52D). 

For £ £ X+, let denote the set of all walks x £ X n \ X+ such 
that each vertex j(t,£) is a vertex of x also, i.e., j(s,£) = j(t s ,x) for 
some t s . Then we have 

(5.H) X n \X+= |J X n , ? . 

Indeed, for x = (x(t)) x +1 £ X n define to = and 

(5.12) £ s+1 = min{t > £ s : j(t, x) > j(t s , x)}, < s < u, 
where 

(5.13) v = min{s : j(t s , x) = n — 4 or n — 2}. 
Define £ by the formula 



(5.14) i{s) 



j(t s , x) - j(t s -i, x) for 1 < s < i>, 
n — j(t„,x) for s — u + 1. 



Then £ £ X+, and by the construction x £ X n ^. 

For £ £ X+ and m £ N, let X n ^ m be the set of walks x £ X n g such 
that a; has m more steps than £, i.e., 

(5.15) X n ^ m = {x £ X n;? : z/(x) - = m}. 
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Then we have 



(5.16) X n ^ = |J X 



m=l 



For £ G and any m-tuple / = (ii, . . . ,i m ) of integers ip G n + 
2Z \ {±n}, let X n ^(7) be the set of all walks x with z/(£) + 1 + m steps 
such that / = (zi, . . . ,i m ) and the sequence of the vertices of £ are 
complementary subsequences of the sequence of the vertices of x. Then 

Lemma 18. In the above notations, we have 

(5.17) #X n , € (/)<5 m V/ = (ii,...,z m )- 
This is Lemma 12 in [I]. 

The following is an analogue of Lemma 13 in [I]. 
Lemma 19. There exists n\ such that for n>n\ 

(5.18) Y, \Kx,z)\<^^-\h^,z)\ V£GX+ |z|<l, 



max ( a 






min( a 




41 


• 1 


B\) 



(5.19) K = 40C 2 , C = 1 + 

Proof. In view of (I5.16p . it is enough to show that 

(TV 1 \ to 

— ^) 



with K and C defined by (15.191) . Indeed, if (15.201) holds, then with n\ 
chosen so that (K log n)/n < 1/2 we would have 



oo 



w^ £ 5(— J £ — " >ni - 



which implies (15. 18ft . 

To prove (I5.20p . we use the inequality 

(5.2i) y l%,z)l<E E 

where the first sum is taken over all m-tuples I of integers ip G n + 2Z, 
7^ ±n. Fix such m-tuple I = (ii, . . . , i m ); then for every x G X|(J) 

_ u: =1 v(x t ) 1 
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We can split the first factor P as 

(5-22) P = J] ( tt^tt fl V(x(t))) = n r(a). 

Let d a = t a — t a -i} then ^^(^a — 1) = m. If cf a = 1, then the 
ratio r(a) in (I5.22p equals 1. Otherwise d a > 2, so, by the inequality 
d a < 2(c? a — 1), it follows that 

|r(a) | < C da < {C 2 ) da -\ a = l,...,u, 

which implies 

|P| = f[r(a)< (C 2 ) Uda - 1] = C 2m 

a=l 

Therefore, taking into account that 

|n 2 -i 2 + z| _1 < 2|n 2 — « 2 | if i ^ in, \z\ < 1 

we obtain 

r , 2 ^ < (2C 2 ) m 

1 • J - in a -i?i--> 2 -&r 

Now by Lemma [18] 

( 5.24) y; Ijfe^l < ^ 10C,2 ) m 



|n 2 -i?|---|ra 2 -i 



and by (15.211) and the elementary inequality 

El ^ 41ogn 
| rj 2 _ 



< for n > 10 

ln z — ?7 1 



in 10 — i 2 | n 



it follows that 



(«*> E (10C2) '" 



z)| 4-^,, In 2 - %{\ ■ ■ ■ \n 2 - i 



< (10C 2 ) m '' 41o S^ m ^ 40C7 2 logn 



n J \ n 
Thus (15.201) holds, which completes the proof of Lemma [191 D 

4. Now we are going to complete the proof of the main result of this 
section (compare with Step 5 and 6, pp. 187-190, in [1]). 
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Proposition 20. Ifr, o given by ( f5.5)) are not integers then for \z\ < 1 

A(ij3/2) n (no-\ ( ^ t ^ (\ogn 
((n-2)!!) 2 C °H^ 



A(ia/2) n / 7tt \ 
((n-2)!!) 2 C ° S IT J 



1 + 

) (i + o 



Ai(i(3/2) n 2 . /7RT 

((n-2)!!) 2 ^ Sm IT 



1 + 



Ai(ia/2) n 2 . /ttt^ 
— sm I - 



^ (l+O 



n 

logn 

n 

logn 

n 

logn 

n 



(5.26) B+(n,z) 

(5.27) B~(n,z) 
/or even n, and 

(5.28) 5 + (n,2) 

(5.29) B- M {(n _ m2 ^-y 2 j 
for odd n, with nonzero a, j3, r, a G C defined in Ii5.5\) . 

Proof. By symmetry of ( 15.21) . it is enough to prove only the estimates 
for B + (n, z). 

From floTTTjl and (15TT81) it follows that 
(5.30) 

E \Kx,z)\<Y, E \Kx,z)\<K 1 ^ IMMI- 

Since fl+(n,z) = Exe^ H x , *) and *)| < (1 + 41ogn/n)|n(£, 0)| 
due to Lemma [2], the inequality (15.301) implies 



B + (n,z) - E Hx,z) < 2 A' 
On the other hand, (15. lOj) implies 



logn 



n 



E 



E M z > z ) - E MM) 
Therefore, we have 



< 4 



logn 



n 



E i^e, 



(5.31) 



B+(n,z) - E 



<(2A- + 4)^E 1^0)1- 



Lemma [171 gives an explicit formula for the sum Y2^x+ M£j The 
same formula could be used to find J2^ex+ IM£>0)| because 

iw{ on rr+KW)i nr»y«w) (£ 0) 
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where w is the potential w = \a\e + \b\e + \A\e + \B\e with 
only nonzero Fourier coefficients 



(5.32) W{-2) 



W{2) = \b\, W(-4) = \A\, W(4) = \B\. 



Of course, now ( 15. 5ft is replaced by 

(5.33) \A\ = -a 2 , \a\ = -2fa, \B\ = -(3 2 , b = -2a(3, 
with 

(5.34) a = i|a|, f = i\r\, (3 = i\{3\, a = i\a\, 

a, P,r,a coming from (I5.5p . 
Thus, we obtain, 



4(|/3|/2)- 
((n-2)!!) 2 

4(|/3|/2)» 2 



cosh 



7T <7 



((n-2)\\) 2 7T 



sinh 



7r a 



l + OI- 

n 



1 + 



(5.35) E 

for even n, and 

(5.36) E W&0)| 

for odd n. 

Now we continue to analyze B + (n, z). In view of ( I5.8p . (15.91) . (15.351) 
and (I5.36P we have 



(5.37) 

where 
(5.38) 



E 



E l^,o)| j.^.(i + o(i)) 



I cos^| 
cosh 



for even n, R A 



| sin ^ | 
sinh 4p 



for odd n. 



Therefore, by (I5.3ip and (I5.37P it follows that 



(5.39) 


B + (n,z) - E Kx,0) 


, Aogn 

< M 

n 


E *&°) 











where M = (2K + 4) /R+, so if R + ^ 0, we have 



(5.40) 



B + (n,z) 



E Ht,o)\ (i + o( 



logn 



71 



The condition R + ^ holds in both Per^ cases if and only if a is not 
an integer. By (15. 8p and (15. 9p . we know the sum in the right-hand side 
of ( 15.401) . This completes the proof of Proposition! 
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□ 

Remark. In analysis of B~(n, z) as an analog of R + we would have 

I 7TT I I * 7TT I 

I cos T I I sm T I 

(5.41) R = rr for even n, R = rr for odd n. 

cosh -^i sinn - s ^ i 

In terms of the coefficients a, 6, A, I? the condition "r, cr are not in- 
tegers" in Proposition [201 holds if and only if neither —b 2 /(4B), nor 
— a 2 /(4A) is an integer square. 

8. Now by the general scheme given in Theorem [TJ we obtain the 
following. 

Theorem 21. Consider the Hill operator Lp er ±(v), where 

(5.42) v = ae~ 2ix + Ae~ iix + be 2ix + Be 4ix 
with a, b, A, B ^ and 

(5.43) neither — 6 2 /(4S), nor — a 2 /{AA) is an integer square. 

All eigenvalues of L Per ±{y) but finitely many are simple; the system 
$ = {<fik} of eigenfunctions and associated functions is complete. $ is 
an (unconditional) basis in L 2 ([0,tt]) if and only if \A\ = \B\. 

Proof. In view of (I5.43p . we may apply Proposition [201 Then, (15.261) 
and (I5.27P imply the conditions (12 . 1 2[) and (12.131) in Theorem [1] for 
even n, and (ET2511 and by (15^9|) imply (|2TT2|) and (12331 for odd n. 
Therefore, by Part (a) of Theorem [Tj, each of the operators Lp er + and 
Lp er - has at most finitely many multiple eigenvalues. 

Let $ = {(fk} be a system of normalized eigenfunctions and asso- 
ciated functions of the operator L Per +. Then by (I5.26P and (15.271) we 
have 



(5.44) 
Therefore, 



\B~(n, 0)| 


A 


n/2 


COS ?f 


|B+(n,0)| 


B 




cos^ 



log n 

1 + O I ) I , n even. 



n 



lim r-r 

n even \B + (n, 0)\ 





\A\ 


< 


\B\ 


' oo 


\A\ 


> 


\B\ 


1 cos ¥ 


\A\ 




\B\ 


I cos^ 





so the condition ( 12.141) fails if \A\ ^ \B\ and holds if \A\ = \B\. Thus, 
by Part (b) of Theorem [H if \A\ ^ \B\ the system $^ is not a basis 
in L 2 ([0,7r]), and if \A\ = \B\ then $fc is an unconditional basis in 
L 2 ([0,n}). 

In the same way, the conditions (15.281) and (15.291) imply the theorem 
for antiperiodic boundary conditions Per - . This completes the proof. 
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□ 



6. Comments, conclusion 
1. In Section 4 we consider only periodic boundary conditions in the 



case of potentials v(x) 



ae 



-2ix 



+ Be . In the case of antiperiodic 



boundary conditions we need to analyze B^in^z) for odd n. It turns 
out that most of the estimates done in Section 4 can be carried on for 
odd n as well. But the crucial fact 

(6.1) B + (n,z) = h(C,0) (1 +0(logn/n)) , n even, 

(see ( 14.281) . ( 14.291) . ( 14.301) ) does not have a reasonable analog if n is 
odd. This observation and attempts to follow the scheme which was 
successful for even n are interesting because they lead to some combi- 
natorial problems and maybe give some hints how the case be = Per~ 
could be studied. 

Now, for an odd n = 2m + 1 we write formulas that are analogous 
to (I4.2l) - (l4.4p . Let x = (x(t)± +1 be a v -admissible walk from — n to n 
with x{t) G {—2, 4}. We denote by p and q, respectively, the number of 
steps equal to 4 and the number of steps equal to —2. Then 4p — 2q = 
2n = 2(2m + 1), so we have 

2p = 2m + 1 + q, p + q — u + 1 . 

Now q is odd, say q — 2r + 1, and q — 1 is the minimal possible value 
of q. 

Let X+(q) denote the set of all admissible walks with q steps equal 
to —2. By repeating the constructions of Section 4 one may prove the 
following statements. 



Lemma 22. If r > 0, then 

(6.2) W*,*)l<( 

x£X+(2r+l) 

Lemma 23. For large enough n 



5/2 



£ \Kt,z)\. 

?ex+(i) 



(6.3) B + (n,z)- h ^z) 

C6X+(1) 

Lemma 24. For large enough n 



?ex+(i) 



(6.4) 



?ex+(i) §ex+(i) 



< 4 



log n 



€GX+(1) 
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So far it is OK. But 

(6.5) #X+(l) = m + 2, 

and in order to apply (16.31) and (16 .4p we need to evaluate 

h* = Yl \ h &°)\ and H ° = E 

Sex+(i) fex+(i) 

and be sure that H ^ 0. 

We can evaluate H* and H (see Proposition [25]) but ff = - see 

dnnD. 

Any walk £ e -X"+(l) has only one step equal to —2 but that step 
could appear on the left of — n (denote that walk by £~ ), on the right 
of n (denote that walk by £ + ) and anywhere between — n and n (denote 
the set of all such walks by X£(l)). With p = m + 1 the numerator in 
h(£, 0) is equal to ab m+l for every £ e M + (l), so we can assume in the 
calculations which follow that a = b = 1. Then the sum Hq has two 
negative terms, namely 

(6.6) h(C,0) = h(e,0) = l/P, 

where, with n = 2m + 1, 
(6.7) 



m— 1 m—1 

P = ( n 2 _(_ n _2) 2 ) JJ[ n 2 _(_ n+ 2+4r) 2 ] = -2(2n+2) JJ(2+4r)(4m- 

r=0 r=0 

= -8(m + l)8 m m!(2m - 1)!! = -8(m + l)4 m (2m)! 
Therefore, 

(6.8) Mr, o) + h(e, o) = — l — ■ • -1- 

m + 1 4 m+i (2m)! 

The remaining walks £ G give a sum of positive terms of the form 
(P(£)P(s)) _1 with s = m — t + 1, where 

t t 

(6.9) P(t) = Y[[n 2 - (-n + 4r) 2 ] = JJ 4r(4m + 2 - At) = 

T=l r=l 

A = 1 L v 7 J (2(m-t)-l)!! (2(m-t))!! 2 m m! 

_ l4 , (2m)! (m-t)! 

m! (2(m-t))!" 
Then with £ + s = m + 1, 1 < i < ra, we have 

m+ i-t, , , (2m)! 



(6.10) P(s) = 4 m+1 ''(m+ 1 -t)\ 



(2(t-l))l m! 
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and 
(6.11) 



P(t)P(s) = 4 



m+l 



2m 
m 



(2m) 



t m + l-t 

(2(t-lh ' /2(m-t)\ • 
V t-1 / V m-t / 



Next, we use Catalan numbers (see [TJ Section 4.5, (4.5.1) and (4.5.2)] 
or [321 pp. 117, (14.10H14.12)]) 



(6.12) 



Ck — — 



l/2A;-2 



fc > 1, 



v ^ — i 

and the fundamental recurrence for Catalan numbers 



(6.13) 



a 



fc+i 



In view of ( I6.12p and (16.131) . we obtain 
(6.14) 

m 
t+1 



1 



4 m+1 m + l (2m) 
1 1 1 



m+l-t 



t=l 



4 m+i m + i (2m)!' 
Now (16.81) and (16.141) imply the following. 
Proposition 25. In the above notations, 
(6.15) H* = (2-4 m (m + l)(2m)!)- 1 , H = 0. 

With if — we cannot find the asymptotic of B + {n) by applying 
the same scheme which was successful in Sections 3-5. Notice that in 
Section 5 we have the same difficulties in the case of exceptional values 
of the coefficients of v. There R + and R~ are analogs of H Q (see (I5.37p . 
( 15.38)) and (15.411) ). More precisely, if v is given by (I5.42p then 



where a 2 



m 



where r 2 



^/i(e,o) = o, if 

-b 2 /(4B), and 
Y,h(£,0)=0, if 

-a 2 /(AA). 



n is even and cos |cr = 0, 
n is odd and sin |<r = 0, 



n is even and cos |r = 0, 
n is odd and sin |r = 0, 
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2. In this paper we consider only operators on the interval [0, 7r]. 
But let us mention that F. Gesztesy and V. Tkachenko results 0, Re- 
mark 8.10] together with our examples from Sections 3-5 show that the 
Schrddinger operators 

Ly = —y" + v(x)y, x e R, 

with potentials 

(1) v = ae~ 2ix + be 2ix , a, b ^ 0, \a\ / 

(2) v = ae~ 2ix + be 4ix , a,b^0; 
(3) v = ae~ 2ix + Ae~ 4ix + be 2ix + Be 4ix , a,b,A,B ^ 0, \A\ ^ \B\, 
are not spectral operators of scalar type. 
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